Abstract. Let G be a connected graph, and let X and Y be subsets of its vertex set. A previously published bound is considered that relates the distance between X and Y to the eigenvalues of the normalized Laplacian matrix for G, the volumes of X and Y , and the volumes of their complements. A counterexample is given to the bound, and then a corrected version of the bound is provided.
Introduction.
Suppose that G is a connected graph on n vertices; let A be its adjacency matrix, and let D denote the diagonal matrix of vertex degrees. The normalized Laplacian matrix for G, denoted L, is given by
2 . It turns out that L is a positive semidefinite matrix, having 0 as a simple eigenvalue (see [1] ). Denote the eigenvalues of L by 0 = λ 0 < λ 1 ≤ λ 2 ≤ . . . ≤ λ n−1 . The relationship between the structural properties of G and the eigenvalues of L has received much attention, and the monograph [1] provides a comprehensive survey of results on that subject.
Given two nonempty subsets X, Y of the vertex set of G, the distance between X and Y is defined as d(X, Y ) = min{d(x, y)|x ∈ X, y ∈ Y }, where for vertices x and y, d(x, y) is the length of a shortest path between x and y. The volume of X, denoted vol(X), is defined as the sum of the degrees of the vertices in X, while vol(G) denotes the sum of the degrees of all of the vertices in G. We use X to denote the set of vertices not in X.
The following inequality relating d(X, Y ) to the eigenvalues of L, appears in [1] . 
Our goal in this paper is to adapt the approach to Assertion 1.1 outlined in [1] so as to produce an amended upper bound on d(X, Y ). It will transpire that only a minor modification of (1.1) is needed. Needless to say, the line of thought pursued in [1] is fundamental to the present work.
Henceforth, we take G to be a connected graph on n vertices, and we take X, Y to be nonempty subsets of its vertex set, such that 
The argument in [1] proceeds via the following approach: if for 
.
At this point, it is stated in [1] (erroneously) that the inequality in (2.1) must be strict, since if equality were to hold, then there would be some constant c such that b i = ca i for all i = 1, . . . , n − 1, which would then imply that either X = Y or X = Y , contrary to hypothesis. (It turns that there are circumstances other than X = Y or X = Y under which strict inequality in (2.1) fails to hold, as illustrated by Example 1.2.) Under the assumption that (2.1) is strict, it is then enough to take
2 ψ X > is strictly positive. Next, we discuss the case of equality in (2.1).
Theorem 2.1. Suppose that X = Y, Y , and let c = vol(Y )vol(Y ) vol(X)vol(X)
. Suppose that
Then there are constants α, β, and unit eigenvectors w and u, corresponding to λ 1 and λ n−1 , respectively, such that
our hypothesis implies that equality must hold throughout (2.4). In particular, since equality holds in the second inequality of (2.4), there is a constantĉ ≥ 0 such that
it cannot be the case that b i =ĉa i for all i = 1, . . . , n − 1, nor can it be the case that b i = −ĉa i for all i = 1, . . . , n − 1. In particular, we see thatĉ must be positive.
Further, since equality holds in the first inequality of (2.4), we must also have 
. As noted in the proof of Theorem
, and so we find that
and
. In particular, α 2 > β 2 .
Since X and Y are disjoint, it follows that
We are now able to provide an upper bound on d(X, Y ) that serves as a corrected version of Assertion 1. 
